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Effect of Multipath on the Height-Finding
Capabilites of a Fixed-Reflector Radar System

Part I:-Analysis

1. INTIIOWJCTION

In this report, we present the analytical methods for determining the error
(due to multipath) in the altitude measuring capability of a reflector radar system
operating in a monopulse mode. In particular, we will study thle case of a fixed
reflector antenna on which there are two separate horns in the focal region, with

Al the horn output processed (see Figure 1) in such a fashion as to give altitude

REFLECTOR~~/"

XY.

% % = MORN 0

(Novo 10)4
Figue 1 Moopuse pe atin o th oLeOtaAtna

(ieo dFogre pu.lcatonouv opraio ofy thRfecorAten

Meevdfr ulcto 1 a 96



information. The analysis we will present here is valid for an arbitrary reflector
located at an arbitrary height above the earth and for an arbitrary location of the
two feed horns in the focal plane. In part II of this study, we will apply the results
developed here to specific radar systems.

2. ELEMENT PATTERN (NO EARTH - THAT IS, VACUUM)

In the Physical Optics Approximation (reflector much larger than wavelength)
the magnetic field scattered by a perfectly reflecting surface S is (see Silver)

Ii (S X -ikR()II 7 1 SnXi~ n. 1
S

where 11 is the distance from a point in dS on the surface S to the observation point,
n is the unit normal to the reflecting surface, and H is the incident magnetic field
from the primary source (horn antenna). Consider the system in Figure 2. The
reflector surface is described by the arbitrary function

The surface integral in Eq. (1) can now be written in terms of the projection of thle
reflector onto some p~lane, as shown in F~igure 2. It we denote tile projected area
as 8 then (since 2 dS dx dy (I + (Of/04)2 + (af/ay) 2 1/2)

I I * - I dy Ii+ 6)(.~~ (iX Ly X (- V (3)

0

Inc. -5 MiNcYrowav Antenna Theory and Design Dove Pubiaios

Cambridge, Massachusetts.
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REFLECTOR ANTENNA
OBSERVER

EQ. OF SURFACE

PRO.JECTION OF
dS ON (x,y) PLANE

~FEED HORN 
-

4. COORDINATES (XO,O. Z0 )

Y

Figure 2. Assumed Rleflector Geometry. Azimuthal angle of obaerver is not
shown

where

q . - 4

si 0 cu i i o

7

: IA"



in the Fraunhofer Zone. If we use (4) and (5) in (3) we get

M ff dax(~.-.~x i
0

X xsin cos O+y~sin Osino+ Cos 61 (6)

exp -k R0 + ik(x sin 0cos + y sin sin + zcosO)

Note that in (6), the quantity z. f(x, y). From practical reflectors, quite often

z =f(x, y) can be expressed asi z = (x) + 13(x)y + -Y(X)y.Thprbenoist

calculate the incident magnetic field Hidue to the horn antenna. For the horn

antenna representation, consider Figure 3. We characterilze the horn radiationI pattern by the electric field distribution (horizontal polarization)

where 0is the unit vector shown in Figure 3 and can be written as

and u' nd ~'are wilt vectors along y' and z". Also sis shown oii Figure 4 and is

given by

Vroyn the geontetry in VIgure 4, it van be seorn that

a ta -I tan(10)
o ZO

tan U1

X8

'Y



oANGLE *o MEASURED
0 IN x1 

- z1 PLANE

oANGLE iMEASURED

IN y'' PLANE

AK

y

Figure 3. Horn Radiation Coordinate System

REFLECTOR

dS

A2

HORNTA CORDNAE

XK0 101 10)

Fig~ure 4. Cromi-Sect ional View of lleflector-tlovn Geometry

whore twil 18 of modlulo 410. .. iPaoni Vq. (7). we see that we are assuming

l.~ ~ ho~ona~y olaived and can be represaented as the product of the arbitrary -

functionti (that is, they call lie anlything we want them to be) F41,0 and g(%) Note
tht V, ~ad all depenid on x and y, a,4 is ovident from Iqs. 9 o(

We nex&t have to calculate the incident magnetic field. This cati bo obtained

fromn (7) via



HVY i6 x E. (2
0 0 -1

where f~ is the unit vector shown in F'igures 2 and 3, and Yis the characteristic
00

admittance of vacuum. In the (x', y', z') coordinate system shown in Figure 2,
we get

-xsin cosn + 4'sin r cos0 + ZCos~ Cos 7
r 2 20 9(13)

[Cos n 0 +sin fl1 0Cos2  0~1

so that in the (x', Y', z') coordinate system

-iks

00 0 0 s o
0

where

-, 'coso +91sinO Cogn sinn0 +ýIsinO Cos 2 n

A0 [o 2  2 ~ 2 ~1/2

60 (Co no C 0

Where

eos CosPC) n C. 2 n -itp4

'" ~ ~ 0 0 t p 0a 0 .~(17)

10



sinO Cos 7 afinl
0 0 0 *(8

0

2
-Cos sin p0 +Cos p0 sin 0 cos 77 (9

0o 0(9

If we now use Eq. (16) in (14) and then use that result in (6), we get

-!kR
MY .Y e 020 (AL +g Bx eyL -g~ + (21

0

where

A cs sin 0sin~ *a (22)

B3~os 0010( + sin 0Cos .( 0  ,(23)

Thie0sn i c0 Co (a+ it) . (24),

The radaedoe pattvetrn spooto theobiaitw oit4

11 E X1i

(0. 1_ _ 3 fXyj
0 -- -

- . 'w



If we use Eq. (21) in (25), we get

Ovr 2P(9) 20010) dx dy (1)- ( e- ikp

0 
0

J~dxdy ikpo 2
Sdx dy 0-- e0

S 0

0

where

Po 0 X sin Cos y sin sin z Co 
(27)

3. MIILjIPAT11 J.FF&CTS

When the reflector in Figure 1 is located above the earth, the field at P will
consist riot only of tile direct c mpoyvent in Eq. (2 1), but also tile Ilultipath cornpon{nt scattered frop the earth, as Is indicated in Figure 5. In Figure 5 we haveSWdenoted 

the translitter altitude as d. the airPlane altitude as h, and thie grailngangle of the multipath ray by 02' Also, a2 is the effective radius of the earth and
is approximately equal to 4/3 of the actual radius of the earth. We use a toaccount for the refraction by the earth's atmosphere. In calculating the multipathfield we will, foil simplicity, restrict our calculations to the 0 plane.In order to calculate the multipath field, it is first necessary to obtain expres-sions for the location r 2 of the reflection point on the earth, and also for the graz-ing wazgle V. Ushig Section 2. 13 in Kerr 3 we have

(a) h d

• rIV + p Cos

3. Kerr:. Don.ld (95) Propagation, of Short adio Waves" Dover Publications,Inc.. Now York. a.,"

•.• . - .--------.------
__________________________________________________



DIRtECT COMPONENTIX
COMPONEN'f

DISH

2 h/

Fifgure 5. Geometry Usecd for Calculating the Mudtipath Effects

13

* .~.....................................................................................................



where

21/2
p 2 1/2 ae(h+d)+ (r) 2

(3)1/ ~

~2a e(h -d)r]Cos3

4 S2 1 -1/2

D = + -( (29)

S( _ TS )(1+)T)

r( r2

s 2 ta r 1 s (30)

1 (2aeh) 1/ 2  2 (2aed)1/ 2

(2aeh1/ 2 + (2aed) 1 / 2  T (

r rI +r 2 *

For the dish higher than the airplane, we have

(b) d > h

r 2 !: +p (03os ), (31)

( (1 , 2 ) + e(h + 2d)1+
2 1 2 ~~ 13 I

14/2



-.. .. . .. -4-._ " ____-_

-112
. .I

4S24

r r

D= S2=

1 1/2 1/2l

l(2aed) (2aeh)

2 2 
1/2

r1 =.)r - r +a. (2(

: ~~Now from Figure 5, we see that ,-

I1 a-- ( 34b) ,

22 .(e+d 2ae(ae + d) cos 8 2]1/ (3 5a)

2 . 2elae+ h)cos 1/2 i
:.RI [a + h)2 + a2 a( )Cs(ee eI e135b) i

Also

• + d)2 +.. .2 2a
0,, : sin"- _aied) -2  6 (36)

WeR)22(ae + d)

We can next write the incident magnetic field at the reflection point Q (see Figure 5)
as

MkYo e 2(o g (Wo - nlo+hl0o-zco,,•")

dxd 0

So

(37)
0 ID 0( A•/ ÷ B•+~ (3÷ Io' .

"!"A 15

•V.7:1'. * '-. i

:",•'.,.i,-.•,•' • ... " °': , " ." . . . ".. .: 7 ::.:......... .: •".. ....... ,• __ _•,,.. _ *.,. ,.,,. •.. . .. .



x y z *(37)

where

All =cos +YD (38)

B11 cos Ot( +i ,(39)

C11 in 01 (40)

Now we transform the fields to the prtnie coordinate system, which is shown in
Figure 5. 'We have the unit vector relationships

X, Cos(41)
x~'o( 2 6) - itsin (92 6)

(42

i:t Cos (0 2 -6) + itsin (8 6) (2

AlIso, the unit vectors P.end n.directed along the incident and reflected wave

A vector are

cos 02, sin V'2

!!R itCos 2 +xsin 02  .(43)

Therefore, in the primed coordinate system

11x (i'00 (02-) "'sn (02- + li~y'

z l 4'Cos (02 -6) + "isn (02w6)
(44)

IN[Uco (02 A) + Hzin (82 01 + it H
y

+ ~'Hzcoos(02-6) -11xSin (02601

18



and the incident E field is

YE(P)= ~ HCos 2 - Y'[Hx Cos (~!202 + 26)+Hz sin (02 +0 2 -)

Now t te relecion point~ wehvetat*' (for perfet conductivity or very small()

grazing angles)

(E )y1  -E~y

(R~x

(ER, means the x1 component of EI.Therefore

E i1~o H C y{Hos s 02 6) + Hz sin (0&2 + 62 - 6)

where ~(2t~ 1 Is the reflection coefficient at Q, and D is the spherical disper-
sion factor defined in Eqs. (29) and (33). Now. the reflected magnetic field is

X R

or

D i x c 2 co 2 2 6) - HZCos 012 2i + 2 41I

+ jyo fl (47)

+ j'p sin 0Cos (~201 + 6) +H sin fi Sul(0'2 + 026)

4We will assunie that the relitoction io specular. This ignzores the effect of diffuise
reflection, and is valid provid-3d the height a~ of the surface bumps are such that

a< lz ~,wo X signal wavelength.
where



We now use Eq. (42) to express ER in the (x, y, z) coordinate system

D jcoo( 2 0+ 6) (H.cos (0 2 +8 2 6) +Hz sin(02 +0 2 -6)

+ HY (48)

Therefore, the multipath magnetic field at the airplane location is

ikY D 3

MYrd F(O ) g (n~ .ik(so+xsinOt".zcos0hI)

0 s0
0O (49)

A"x^+ B"'jy+C"'i)

where

IR IR +R 2

and

A a' =-~ + y. cos (02 .02+ 6) cos (02 + 0 2 -6 -O (50)

0 =cos 0 + -y sin O" (a 0 ýy ) 0 * (51)

C141 ua+' 0  s - 02 O+6) cos (0 + 02- 6 - 0) *(52)

Now, from Figure 5 it is clear that

4 I or

(53)

02 + 026 oi18



Therefore

1'' (g COB v (55)

0 B

0 0 0ax 2(56)

We now obtain the total magnetic field at P by adding (21) and (49)

-11cR
ikY. e 0 ff F(kg(

H!TOTAL((P)-JJ d L---i- e 0

00

Ix A e +A ' 9e

0 (7

+; e~ +Bt' ve-1](54

+~[C.ei"1+ Cz,,v e'94

where

C4 ak(x sin Oil-z o .. OttO %R0)

v 10(0)1 D0



* Therefore, the power pattern is (including multipath)

2~~ ~ MOd ye ý[A eig + Allv e-4].
4'PM0(O) if F(•,) g(n) -ig 2

k dx dy e 5 0 +e 04

f so 0

S~SO
rF(r 0 )g(n e(,k ig1 2+ jdx dy 0 IC ev+C"' v

Lf0  0

(58)

We now relate 0 and h. From Figure 5, we first calculate that

R2 =(ae +d) 2 +(ae +h) 2  2 (ae +d)(ae +h) cos T(59)

r~ + r2 ,'I8T 0 1+0 2 1 ar2 r, (60)

Also, from Figure 5 we can relate 0 and h via

NOe+ h)a no+(ae +)+d) cos (1/2-6 +0) (61)

o _ . .e .. ..0* -. Therefore

(a + ) (a + d)2  no20(h) =st'l e•• + 6  . (62)

Therefore. if we use Eq. (62), we can then use Eq. (58) to expreaw PM0 as a twic-

tion of the airplane altitude h rather than the anglo 0.

For teed horn at NI. z instead of (x0 , zol. we get for the power pattern

including multipath

4, 20

I!.

-•-i**4i t'* Y - -



*~ YI

00

12,
+ fdx dyee B v

A-11 1

+ JJdxdy 31 [e 1 +C' 1
1v e

(63)

where

tan 1 xX)+tn(~~

f jn0 Y (65)

Clio 2 ~+6 +, (G7)

etc

4. SVMdETIUC E FlILECI)OR AND) HORJN P'ATTERNS

Lot us now suppose that the reflector and the feed horn are symm&etric in theIy-diirection. That is, for the xxefiector surface z f(X. y) we have

21



" L .... _ • . . . • • • • . . ...... . ...... . . . . .

f(x. -y) I(x, y)

Also, for the horn y-plane pattern we assume

g(-no)-g(%) . (68)

Then, we write Eq. (21) as (for • 0 plane)

/ kB x b (J ___

2ff~e~ ~F(O )g(n0  -iks-xsin6-zcosO)
H dx dye; \ '•o 0/° •, -• °:

01 Xa *ya(")

Ai Ao(x. y) + 9 Bo(x, Y) + • Co(x, y)}

(69)

y Wx)dx y F(0o) g (nio) e-k(so -xsinO-zcosO)0if dy 0 0

* {iAolx, y)+•Bolx, y)+•.Co(x,y)} ,.

where x and xb are the coordinates of the boundary of the horn along the x-axis

and YaWX) is the coordinate of the boundary along the y-axis. as shown in Figure 6.

,~ur 6.Poeto fz!, )ot h ln

2

I• .

I

Piguro 0. Projection ol: 1( ; i y) ontO the x-y Piano

S# ..22



Now, in the first integral in (69) we change y to -y and use the fact that for
* 0 [Note that a a -y) = a(y), •o(-y) .(y) and ,y(-y),,oY)]

Ao(-y) A (Y) (70)

B 0 (-y) = "(y) (71)

Co0 (-y) = Co(Y) * (72)

"s(-Y) (Y) 
(73)

g[ = g[o(y)j * (74)

"This gives

:R•.- b (x) 
.M e dF(0 0)g(ro ) -ik(s--xsinO-zcosO)

.2 dx d7.o"X a 0s o

(75)
A {xA,(Xy)+ .C(xU y)})

Also, from Eq. (62) we have that

AM-)A41(y) *(76)

-,. ,(.y ) .3 ,(y ) (77)

C 1,(.y) -C I ,(y) 
78)

Therefore, from Eq. (26) we get for the vacuum pattern

S. Y((x) 2

2Y -0 0 A eo .
.. ud xy f

K 0xa 0

(79)

",°+f dy .. .... . -Ikp

• ,- - ,.:

xa 0a 0

23
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where

• Po-So x sin 0 -z cos8 0

Also, for the case of multipath and spherical Earth Eq. (58) becomes

2PMo(O b yx)

dx dy 0  0 e e 1+Al've
k2Yo P aa o AO0

- yF(•:o)g (no I :k{i0 X

Xb 0

a

o[C o ei' + C"o ve 4

The results Pl[O(h)] and PM11 O(h)I, which we would get for the case when the feed
horn is located at (xN, 0, zI) instead of (xN, 0. z ). -an be obtained from Eqs. (7"9)
and (A01 by replacing to a o o Ao. Co0 tA", f'1bytl1 ,"of no fO l', Cot byV

As a check on the validity of Eq. (80), we can contsider the limit when

6 q-2 - 0 (see Figure 7). In thih caac, we know that because the electric field is J
hcrizontally polurized, the power 1mtteoan at 0" - -o should be zero. In this case,

we find (for ae - 0.

14P3  [1o •

o 0

0 o

v1

So that upoai ositig the easulto of Eq. (0t) tit (80) gives

iP.M0 .. -()It .0 2)

as expected.

* 1'



AIRPLANE

Figure 7. Limiting Case of Grazing Incidence.

5. FURITHIER SIMIPLIFICATION

If we now substitute for A I Cot A"', C"'1 etc. in Eqs. (79) and (80), we
* 4 0 0 0

obtain the following shnplifi~d sesults:

W1p (0)

k Y 00
0 (3

N(0) (0)12 -11

(84)4

v -Cs (p - 4-6- 0 Vi (I(D)I-811) ik4

'N .2 o5



- -----

3 = + 2-R 0

and

"Re denotes "real part of."

6. ERROR IN ALTITUDE DUE TO MULTIPATH

In the absence of multipath, it is possible to obtain information on an airplane
altitude by placing two horns on the reflector system as shown in Figure 1, and
then operating the system in a monopulse mode. In the absence of multipath, the
voltage V(h) (see Figure 1) is given by

A "iV(h}= K[log Pl(h} - log Po(h)]

( (85)

=K log L ]____
where K is a constant, P 1 (h) is the power pattern due to the horn at (xl, o. Zl, 1
and P0 (h) is the pattern (see Eq. 82) due to the horn at (xo0 0, z0 ). A typical
"curve of V versus h (for a given airplane range r) is shown in Figure t'a. Now,
because the measurement of V has some error AV in it, there is a corresponding
error in our calculation of tha airplane altitude h. This is indicated pictorially in
Figure Ob.

The inclusion of multipath compounds our problem because now

VM h) r K log . (86)

This leads to an additional error &VM given by

.AV1 K log I Klog ro,(i ) 1

M 0.

log -. I -KigL'~.
(7)

1P~h)

4

.: .2

- . . . .- . ".. . . ,



r CONST.

aII

h 0 h

Figure 8a. Plot of Output Voltage V Versus Target Altitude h in the Absence
of Multipath, Showing How Measurement Error 6V Leads to Altitude Error

4h

r CONST.

4-

F~igure Ob. T'ypical Plot. of Altitude E~rror When Multipah is Abs*ent
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A typical measurement of VM(h) is shown in Figure 9a for a fixed target range r.
The envelope of bVM is also indicated on Figure 9a. Let us suppose that the error

for a given h, say hl, is AVM(hl). We then plot this error on Figure 8a to obtain-
the result shown in Figure 9b. By using Figure 9b, it is possible to calculate
curves of the error •h (due to multipath) in altitude versus altitude h for a number
of different target ranges. A typical result is shown in Figure 10a. It if oftenL convenient to plot the results in Figure 10a versus range with altitude as a param-

eter; a typical result is shown in Figure 10b.
In part 2 of this report, we will employ Eqs. (82) and (83), etc., to present

curves of the error in altitude Afh versus h and r for specific radar configurations. ir

Al
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ENVELOPE OF AVM (h)

VM (h)

ENVELOPE OF AVM (h)

h,-

Figure 9a. Plot of Output Voltage VM Versus h When Multipath is Included

V h)

4VM (h1)

A h

Figur'e Ob. An Indication of Ho~w A~VMcan be Used to Get Airplane Hetght
Error 4h
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MAX eAh

MAX Ah h

(b) RANGE r

1'igure 10. Typical Plots of Maxbnmui Altitude Error Versus (a) Airplane Altitude
anl (b) Airplane flange
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